Bi-metric theory of gravity from the non-chiral Plebanski action 
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Abstract 

We study a modification of the Plebanski action for general relativity, which leads to 
a modified theory of gravity with eight degrees of freedom. We show how the action can 
be recasted as a bi-metric theory of gravity, and expanding around a bi-flat background we 
' identify the six extra degrees of freedom with a second, massive graviton and a scalar mode. 

^ ; 1 Introduction 

It is an intriguing fact that general relativity can be formulated using polynomial actions, cubic 
in the fundamental fields. One such action, introduced by Plebanski [1] and revisited in [2], uses 
t:;;^- ■ as fundamental fields a connection in the algebra q of the local gauge group of gravity, and an 
. antisymmetric tensor, or 2-form, from which a metric is singled out through the imposition of 
I suitable constraints via a Lagrange multiplier. The action exists in two different versions, the 
original, chiral one [1, 2] where g = su(2) is the self-dual part of the Lorentz algebra,^ and a 
non-chiral one [2, 3, 4] where q = so(3, i). These actions are related to the Ashtekar variables [5] 
for loop quantum gravity, and taken as a starting point in the construction of spin foam models 

X : [6]. 

■ An interesting aspect of these actions is that they admit a natural modification in which the 

cosmological constant is turned into a function, A(i;^>), of the Lagrange multiplier (p present in 
the theory [7, 8, 9, 10, 11, 12, 13]. Any non-constant A{<p) gives a different modified theory of 
gravity, whose physical relevance needs to be investigated. Due to the different nature of the 
fundamental fields, this modification is a priori unrelated to the more familiar extension of the 
Einstein-Hilbert action with higher curvature invariants of the metric. Furthermore, the two 
formulations of the Plebanski action turn out to behave very differently under this modification. 
For instance, in the self-dual case there are only two propagating degrees of freedom [11] for 
any choice of A((/>), like in general relativity, and unlike actions with higher curvature invariants 
[14, 15]. On the other hand, the modified non-chiral action has extra propagating degrees 
of freedom. The canonical analysis of [16] showed the presence of eight degrees of freedom,^ 
although their physical interpretation was not attempted. Unravelling the reason why the same 
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type of modification on the two originally equivalent actions has different consequences is the 
first motivation for this paper. The second is to identify these extra degrees of freedom. 

As we hope to clarify during the course of this paper, the origin of the difference is the fact 
that the non-chiral action is naturally a theory of two metrics, unlike the self-dual one. The 
modification removes a constraint whose role is to single out a unique metric, hence leaving them 
both independent and dynamical. In particular, we will show how the modified action can be 
recasted as a bi-metric theory of gravity plus auxiliary scalar fields. The presence of the latter 
makes the theory different from bigravities studied in the literature [17]. As a consequence, the 
physical viability of the theory is an open issue to investigate. As a first step in that direction, 
we study a perturbative expansion around the bi-flat background. This allows us to identify 
eight degrees of freedom, corresponding to a massless and a massive graviton, plus a scalar field. 
The situation is thus similar to generic bigravities, and the reason for it is that the auxiliary 
scalars satisfy algebraic equations and can be integrated out. 

The study of the modified self-dual theory has already been under some development [12, 18, 
19, 20, 21, 22]. Here we focus on the non-chiral one [13, 23], which has received less attention. 
Our results follow rather simply from the results in the self-dual theory obtained by Krasnov 
[12, 20] and Freidel [21], nonetheless we try to give a self-contained presentation, in the hope of 
making the paper accessible also to non-experts on the Plebanski formalism. 

The fundamental variables of the Plebanski formalism are a connection a; in g and a g- valued 
set of 2-forms B. The key to the formalism is the fact that the 2-forms B can always be used to 
introduce a metric, regardless of any constraints. The role of the constraints is rather to single 
out this metric, namely to freeze the remaining components of the 2-forms which do not enter 
the definition of the metric. To be more specific, given an 5u(2)-valued 2-form Bjj^^, i = 1,2,3, 
a metric can be defined through the well-known Urbantke formula [24, 2], 



Notice in this formula the completely antysimmetric tensor Cijk, the unique singlet in the tensor 
product of three adjoint representations of SU(2). The B field needs to be complex for this 
metric to have Lorentzian signature, while a real field yields Euclidean signature. The same 
mechanism can be applied to both the original Plebanski actions for general relativity and the 
modified theories. In the original case, the action gives quadratic field equations, some of which 
are the "metricity constraints" which freeze the remaining components of -B* not captured by 
(1), and the rest reduce to the Einstein equations for (1). If we consider a modification where 
the constraints are removed, not only we get new field equations, but the extra components are 
not frozen anymore. The surprise is that this can be done without introducing new degrees of 
freedom [11], which in particular means that the extra components do not become dynamical. 
The new field equations do however change the dynamics for the metric, leading to a modified 
theory of gravity. 

In the non-chiral formulation [2, 3, 4] the fundamental 2-form B^l is 50(3,1)- or 50(4)- 
valued, respectively for Lorentzian and Euclidean signature, and real in both cases. We can 
straighforwardly generalize (1) to this case, but this time two possible metrics can be defined. 
This is simply a consequence of the fact that the tensor product of three adjoint representations 
of the algebra admits two singlets. A basis in this two dimensional vector space is provided by 
the tensors Sj^^^jSj^mkl and Sj\f[jej]MKLi where ejjxL is the completely antisymmetric tensor 
and we defined the identity Sjjkl = \{^ik^jl — ^il^jk)- Accordingly, we have a right-handed 
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Urbantke metric gfj,u and a left-handed , 

= Y^^iN {^JMKL ± lejMKL^ e'^P^'BliBf^^Br (2) 

in the 50(4) case, and similarly in the 50(3,1) case. As in the self-dual case, the non-chiral 
action gives quadratic field equations, some of which are the "simplicity constraints" identifying 
these two metrics with one another and freezing the remaining components of B^'^ , and the rest 
reduce to Einstein's equations for the unique metric emerging from the constraints. Removing 
the constraints as in the modification of [13], the two Urbantke metrics become independent and 
dynamical. This is at the roots of the bi-metric interpretation. 

The paper is organized as follows. In the next Section, we review the Plebanski formalism. 
This review is brief, but has the double ambition of introducing the formalism to non-expert, 
and to present the simplicity constraints under a perspective that might be new also to experts. 
This perspective makes it manifest that their role is singling out a unique metric, and will be 
instrumental to understand the modified theory. The action for the modified Plebanski theory is 
introduced in Section 3. In Section 4 we show how it can be reformulated as a bigravity theory 
for the two metrics (2), plus auxiliary scalar fields. In Section 5 we study the perturbative 
expansion around the bi-fiat solution and identify the local degrees of freedom. Conclusions and 
some open questions are collected in the final Section 6. 

Throughout the paper, we take units IGttGn = 1, and use greek letters for spacetime indices 
and latin letters for internal indices. For simplicity, we work with Euclidean signature, but 
formulas can be easily modified to Lorentzian signature. We will comment at places where having 
a Lorentzian signature has non-trivial consequences, [a, h] means normalized antisymmetrization, 
and our normalization of 2-forms \s F = ^F^^dx^ A dx'^. We introduce the tensor = 
hi^K^L - ^l^k) and the shortand notation {B A-kB) = ^cijklB^-^ A B^^. We use -k = \e^'^ kl 
to indicate the Hodge dual in the internal space. To avoid confusion between this Hodge dual and 
the spacetime one ^e'^'^po- in spacetime, we will refer to the positive and negative eigenvectors 
of the algebra Hodge dual respectively as right- and left-handed components, and those of the 
spacetime Hodge dual respectively as self-dual and antiself-dual. 



2 Review of the Plebanski mechanism 

Consider the following action, 

S{B, a;, </>) = j B'J A - ^ (^^jkl + ^eijK^ A B^'^, (3) 

where F[oj) is the curvature of an 50(4) connection w, and B^^ a 2-form with values in the 
algebra. This action can be called non-chiral, to distinguish it from the original Plebanski 
action, which is identical but uses g = su(2). A is the cosmological constant, and the field 
^IJKL ^ Lagrange multiplier, symmetric under exchange of the first and the second pair, and 
antysimmetric within each pair. In addition, we impose on cj) the constraint ejjKL4>^'^^^ = 0. 
It has therefore the same symmetries of the Riemann tensor, and 20 components. Its variation 
gives the following equations, known as simplicity constraints, 
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Solutions satisfying the non-degeneracy condition {B A -kB) 7^ can be divided in two sectors 
[3, 4], 

= ±(l/2)e;^^ie-^ A e^, B^'^ = ±e^ ^ e'^ . (5) 

We will review the derivation below. In both cases, the 20 constraints (4) reduce the initial 
36 independent components of Bj^^ down to 16, parametrized by a tetrad e^. The first sector 
corresponds to general relativity, while the second one to a topological theory with no local 
degrees of freedom. This can be seen looking at the field equations, or more sinthetiquely 
inserting one of the two solutions back in the action (3). 
Inserting B^^ = (l/2)e^j;^e^^ A e^, one obtains 

S{e,u) = j^euKie^ Ae-^ AF^^{u;)-2Ae. (6) 

This is the Einstein-Cartan action, whose equivalence to general relativity is established - for 
non-degenerate tetrads - taking the variation by co. The result is Cartan's structure equation 
d^e = 0, solved by the spin connection ujj/{e) = e^V^e'^"^, which further identifies its curvature 
F{u}) with the Riemann tensor, through Cartan's second structure equation 



Rt,vpa{e) = eipej^Fli{u}{e)). (7) 



Using these results, (6) gives 



5(e) = j <R- 2A). (8) 

More details can be obtained looking at the field equations (e.g. [3, 23]), in particular one finds 
that on solutions the Lagrange multiplier equals the Weyl tensor. 

For completeness, let us also recall how the second sector leads to a topological theory. 
Inserting the solution B^^ = Ke"^ ^ one obtains 

S{e,uj) = j Ae/ AFij{uj) -2Ae. (9) 

For A = we can look again at the e ^ sector, and integrating over the connection as above, 
the first term gives e.^'^'^" R^upcn which vanishes thanks to the first Bianchi identities. Hence 
the field equations vanish identically, thus giving no local degrees of freedom. For more details 
on the theory defined by (9), see [25]. Finally, the case A 7^ only admits solutions in the 
degenerate sector e = 0. 



2.1 Self-duality and metricity 

The brief overlook above highlights the role of the simplicity constraints (4) in extracting a tetrad 
from the B field, for which the general relativity dynamics is then recovered. The derivation can 
be found in details in the literature [3, 4], but we wish to review it here with a slightly different 
perspective, which will prove instumental to understand the modified theory. In particular, we 
would like to stress that the constraints are not needed to introduce a metric. A metric - as a 
matter of fact, two - can always be introduced through the Urbantke formulas (2). The role of 
the constraints is rather to single out a unique metric out of the 36 initial components of B^'^ . 
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To see this, we begin from the isomorphism 50(4) = su(2) ©su(2), which allows one to split 
the components of an 50(4) algebra element, like B^^ , into right- and left-handed components: 

B'J = Pl^^,Bl + Pl^^iBl. (10) 

Here we denoted (+) and (-) respectively the right- and left-handed parts, and we introduced the 
projectors 

P"^ = e6M + \eii, e = ±. (11) 

Now consider a single triple of 2- forms B^ , and construct the Urbantke metric (1). The well- 
known result by Urbantke [24] states that if the 3x3 matrix B^ A B^ is invertible, then 

--^'^'^ paBl^u = eBlpcj. (12) 



Here the sign e depends on the sign of the determinant of B^/\BK This means that the triple B^ is 
self-dual (or antiself-) with respect to the metric (1) - or any other metric in the same conformal 
class, since the spacetime Hodge dual e^^ pajl^f^ is invariant under conformal transformations. 
As we now discuss, it is then possible to write explicitly B^ in terms of this metric. 

Consider a tetrad associated with a given metric, and the following Plebanski 2-form 
[1, 2, 3] 

E^(e) = ee°Ae' + ^e V^' Ae^ (13) 

These 2- forms are said to be metric^ and are self-dual in the spacetime metric e^, as well as 
right-handed in the 50(4) algebra (or antiself-dual and left-handed, for e = —1). Notice that 
they only depend on 13 of the 16 components of the tetrad, since the internal direction ^ has 
been fixed. Furthermore, they satisfy 

S*,(e) AS^ (e) = e2e(5^^ (14) 

where e = det e^, and here and in the following factors of d^x are tacitly assumed. Since for 
e 7^ (13) form a basis in the space of right- or left-handed 2- forms, we can always decompose 
B\ = c*jSe(e) as a linear combination of the S* with arbitrary coefficients c*j [10, 2, 21]. 
This decomposition is clearly defined up to an SO (3) rotation, as well as a global rescaling 
c'j I— 7- i7~^c*j, I— 7- f^e^, thus preserving the total number of independent components in i?*, 
that is 9 + 13 - 3 - 1 = 18. 

The B^ decomposed in this way are self-dual with respect to e^, and it is straighforward to 
show that this metric falls in the same conformal class as the Urbantke metric, since the latter 
evaluates to g^^v = (det c) e^e^(5/j. It is then possible, and indeed convenient, to choose the 
rescaling freedom to fix detc = ±1, so that the Urbantke metric coincides with the metric 
associated to e^. In conclusion, one can parametrize 

S: = r?6iS^(e), (15) 

where ry = ±1 is a sign and the coefficients h\ form a unimodular matrix. The details of the 
proofs can be found in [21], whose notation we follow. Both types of indices, i, j and a, 6, are in 
511(2). The different notation is useful to treat the scalars h\ as a "triad", and to keep track of 
its inverse, given by 

yi = le'^"'e,,,blbt (16) 
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In particular, using (14) we have 

Bi ABi = e 2em'^ , m'^ = 6j,6^^(5''* , (17) 

that is the unimodular triad 6^ is given by the normahzed eigenvectors of m^K^ 

The parametrization (15) plays a key role in investigations of the modified self-dual theory 
[10, 22]. The idea here is to apply it to the 30(4) case, as it can be done straighforwardly using 
the decomposition (10). As the right- and left-handed parts in (10) are independent, we need 
independent triads and tetrads, say ^a'^a ^^"^ ^li^^li- Correspondingly, we take 

i?; = 6j.S:(e), i?l = r?6j,S^(e), (18) 

where we already dropped one sign which proves irrelevant in the following. To shorten our 
notation, we use from now on S(e) = S+(e) and S(e) = S_(e). We then write 

B'-" = Pl^^i b\^^ie) + r?P(^4i 6^S«(e), (19) 

where the Plebanski 2-forms S(e) and S(e) encode the two metrics (7^^ = ej^eldij and g^,^ = 

The decomposition (19) parametrizes B^"^ in such a way that the right- and left-handed 
components of B^"^ are also self- and antiself-dual, but with respect to two independent metrics 
Qfii, and g^y . These are precisely the two Urbantke metrics defined in (2) : an explicit calculation 
gives 

5;;^+' = ffM- C = (20) 



2.2 Simplicity constraints 

We now want to take advantage of the parametrization (19) in the Plebanski action (3). Thanks 
to the orthogonality of the two 5u{i) algebras, one has B^'^ A Fij{uj^-^) = B^ A Fi{(jj^) + & A 
Fi{0^), where and cD* are the right- and left-handed parts of the 50(4) connection, and F 
their curvature, i.e. Fi{Lo) = ^eijk{duj^'' + u^i A oj^^). Concerning the Lagrange multiplier 
(j) G (2,0) © (0,2) © (1,1) © (0,0) recall that this can be decomposed into its irreducible 
representations using the projectors (11), 



JJKL 



IJ pKL 

(+)»-^{+) j 



IJ pKL , 
j/J oKL 



) + 



pKL j_ pIJ pKL \ 



,IJ r>KL 



(21) 



Here and (p^^ are symmetric and traceless (5 components each), ip is generic (9 components), 
and ifQ is the scalar part. In terms of these quantities, (3) reads 



S{B,B,u},u},(p,ip,ip,ipo) 



B' A Fi{uj) + B' A Fi{u) 



<PijB'' A B^ + ^ijB' A B^ + V^.j [B' A B^ + B' A B^) 
+ipo6ij [B' A B^ A B^) + ^5ij {B' A B^ -&A &) 



(22) 



Its 8 components can then be identified with two S0(3) rotation and a two-parameters rescaling. 
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where we used the orthogonaHty properties of the projectors, see Appendix A. 

Before studying the constraints, let us use the parametrization (19). We denote m*-' and m*-' 
the matrices (17) for 6^ and 6^, and their traces m = Sijui^^ and fh = 5ijm}K Then, using (14) 
we have 

S{r],b~b,e,e,u,u},ip,^,^,ipQ) = j b^^J:" A F,{u;) + ijlij:" A Fi{u) 

—4>o^ij {em — efh) — -A-Sij (em + em) (23) 

where we introduced the shorthand notation 

eJ^hl,bie^'^''-j:^^^{e)i:%{e). (24) 

When we vary by the irreducible components of cf)^"^^^, we find 20 constraints, which we 
group according to the irreps (2,0), (0,2), (1,1) and (0,0) of 50(4), obtaining respectively 

m*-' = -m5^^, m*-' = -m6^^, = 0, em = efh. (25) 

3 3 

Recalling the unimodularity of m^^ and m*-', the right- and left-handed equations imply that 
m*-' = fh^^ = 5^^ . Next, the (1, 1) equations i^^ = mean that the two triples S*(e) and 5]*(e) 
are orthogonal to each other, which implies that the two metrics e^ and e^ coincide up to a 
conformal factor. The latter is fixed to 1 by the final equation, since m = m = 3. Finally, the 
sign 77 is remains free. Overall, the solution of the constraints for non-degenerate metrics is 

gti,y = gti^, m'^=m'^ = 6'^, ri = ±l. 

The two sectors rj = ±1 are simply the topological and gravitational sectors described by (26). 
Plugging the solutions back into (19), one immediately identifies rj = 1 with the topological 
sector and rj = —1 with the gravitational one, 

B'' = e^Ae^ ^ g^l^^ = g-^l~^ = e^eidij , (26a) 

B'' = ^ei^^e^ A e^ ^ g^^;^ = -g^^ = e'^e%j. (26b) 

Hence we also see that the two Urbantke metrics (2) coincide on the topological solution, and 
are opposite on the physical one. 

Summarizing, the decomposition (19) shows that prior to imposing the simplicity constraints 
(4), the field B^^ can be parametrized in terms of the two Urbantke metrics gj^i/^' = g^iv and 
^J^i/"' = r\g^i,^ plus the two auxiliary fields b\ and b\. By rewriting the simplicity constraints in 
the form (25) we see that ten of them (the (2, 0) ® (0, 2) part) freeze the auxiliary fields, and 
ten of them (the (1,1) (0,0) part) identify the two initial metrics with one another. As we 
show in the rest of the paper, in the modified theory the constraints on B^^ are removed, and 
the two metrics become independent dynamical fields. 

Let us conclude this brief overview of the Plebanski formalism with some comments. 
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• Relation to BF theory 

The original Plebanski action (3) is of the type "BF plus constraints". An interesting 
aspect of this construction is the fact that BF theory is a topological field theory, without 
any local degrees of freedom. This is due to the invariance of the action under the shift 
symmetry 

B^B + d^r?, (27) 

where 77 is a 1-form with values in the algebra. This symmetry (which includes the diffeo- 
morphisms) together with the gauge symmetry also present, guarantee that all solutions 
can be locally mapped to the trivial one [26, 27]. When the constraints are added, the shift 
symmetry is broken down to diffeomorphisms, and local degrees of freedom are allowed. 
Although it might appear counter-intuitive at first that adding constraints one increases 
the number of degrees of freedom, the reason for this is the fact that in BF theory the 
B field is just a Lagrange multiplier, imposing the flatness condition F = Q. Therefore, 
if conditions are placed on a Lagrange multiplier, the resulting theory is less constrained. 
Specifically, non-trivial curvature is now allowed. 

• Self- dual case 

As mentioned above, the original Plebabski formulation uses the same action but g = su(2). 
This case can be recovered from our analysis above, setting = = in (22). In that 
case one parametrizes the fundamental B^ field as in (15), the Lagrange multiplier has 
only components in the (2,0) irrep, and the metricity constraints give m*-' = 5*-'. Notice 
that the non-chiral action is not the sum of two different actions, respectively purely 
right- and left-handed: the terms in if) and 930 niix the two, and are crucial to impose the 
proportionality of the two metrics, which would otherwise be independent. 

• Lorentzian signature 

All the formulas can be adapted to Lorentzian signature and g = 50(3,1), but there is 
a caveat: the right- and left-handed projectors are now complex, ied^^ + ^e^f . As a 
consequence, the decomposition (19) requires the b and S fields to be complex as well. 
This does not pose any obstruction (at least at the classical level), but one then needs 
to add extra conditions for the Lorentzian metrics gfj,i, and g^u to be real. Such reality 
conditions were studied in [2] for the original action, and revisited in the work by Krasnov 
(e.g. [12]) for the modified theory. They can be imposed independently on the right- and 
left-handed sectors. The simplicity constraints then guarantee that also B^"^ is real.^ 

*A word of criticism is probably due here. The original rationale for introducing the non-chiral Plebanski 
action was precisely to eliminate the additional reality conditions needed in the self-dual action. Our idea of 
using the algebra decomposition to understand the modified non-chiral theory has the advantage of leading to a 
simple interpretation as a bigravity theory, as we will show below. However, it forces us to reintroduce the reality 
conditions to deal with Lorentzian signature. Although this can be seen as a drawback of our approach, the fact 
that reality conditions can be ultimately dealt with [12] seems not to compromise it. 
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3 Modified Plebanski theory 

The modification of gravity we consider is obtained promoting the cosmological constant A in 
(3) to a potential A{(j)), 

SiB, u;,<P) = j A Fij{u) - ^ (^(f>ijKL + ^A(0)e/JA'L) A 5^'^. (28) 

An action of this type has been first introduced in [13], and it extends to the non-chiral action 
(3) the modification proposed by Krasnov for the self-dual Plebanski theory [10], in turn related 
to previous work by Capovialle [7] and by Bengtsson and Peldan [8, 9]. The field equations 
obtained varying (p, B and w are 

d^B^-^ = dB^^ + [uj,bY^ = 0, 

F^^(a;) = ct^'^'^'^BKL + \m^'''''' Bkl- 

The first equation is the same compatibility condition of uj with i?, unchanged from the original 
Plebanski action. The last two differ from Plebanski's when A((/)) is not a constant, thus leading 
to departures from general relativity. Their nature, and the scale at which they occur, depend 
upon the specific form of A((/)).^ 

The key difference with the original action lies in the modified simplicity constraints (29b): 
since the Lagrange multiplier appears explicitly, these are not anymore constraints on B^\ but 
rather twenty algebraic equations, fixing a priori the twenty components of (p^-^^^ as functions 
of B^"^. The (modified) dynamics is then governed by the whole of (29c). As constraints are 
being removed, one might naively expect additional degrees of freedom, and this is indeed the 
case. The canonical analysis performed in [16] showed the presence of 8 degrees of freedom, 
with the only condition that the Hessian of A{(p) be non-singular. Identifying these degrees of 
freedom is the goal of the present paper. 

Since the original action (3) is equivalent to general relativity, one might wonder whether the 
modification is related in any way to the more familiar extension of the Einstein-Hilbert action 
by adding higher curvature invariants of the metric, with the arbitrary function of (j) playing the 
role of an arbitrary function of R^ypa, and with the six extra degrees of freedom related to the 
ones of these higher derivatives theories [14, 15]. The answer is negative: as we will show below, 
the action actually describes a type of bimetric gravity, with A{<j)) related to the interaction 
potential between the two metrics. The total counting of eight degrees of freedom is consistent 
with previously known examples of bigravities [17], but the explicit form of the action we obtain 
is new. 

These results and the connection with bigravities are rooted in the fact that removing the 
simplicity constraints, the two metrics naturally present in a non-degenerate B field, see (19), 
become independent. Before showing the construction explicitly, let us make a few remarks on 
this type of modification of general relativity. 

®For the reader unfamiliar with the Plebanski formalism, we recall that for A constant, after the solution 
B = *e A e to the simplicity constraints (31a) is chosen, (31b) splits into equations identifying as the Weyl part 
of the Riemann tensor, and equations giving the Einstein dynamics to the metric e^. See [3, 23, 32] for more 
details. 
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(29a) 
(29b) 

(29c) 



• BF plus potential 

As mentioned above, a consequence of the Plebanski constraints in (3) is to partially fix 
the large gauge symmetry of BF theory, leaving only diffeomorphisms and gauge transfor- 
mations. The situation is the same in the modified theory: the constraints are replaced 
by a potential V{(f),B), which again results in the same partial gauge-fixing - at least for 
generic choices of A{(j)). Hence, each modified theory of gravity corresponds to a specific 
gauge-fixing of BF theory caused by a potential term, a point discussed in [12]. BF theory 
itself can be recovered for the singular case A{(j)) = 6{(j)), therefore the class of actions (28) 
interpolates between general relativity at constant A, and BF theory at A((/>) = 6{(j)). 

• Not the most general action 

The form (28) of the action we consider here is motivated by the Hamiltonian analysis 
performed in [16] and the desire to identify the extra degrees of freedom there found. 
However, this is not the most general action that one can write compatible with the 
symmetries. In particular, there are two immediate terms that one can add. The first one is 
the kinetic term ejjKLB^'^ AF^^{uj), whose (inverse) coupling constant is usually referred 
to as the Immirzi parameter. The second is the alternative potential term A2{(j))SijKLB^'^ A 
B^^, which is usually not considered in the Plebanski action (3) because it vanishes on 
the solutions (5).^ 

• Self-dual case 

The additional degrees of freedom are absent when one considers the same modification in 
the self-dual theory [11]. A key difference between the self-dual and the non-chiral actions 
can be inferred from our earlier decomposition (23). This shows that the non-chiral action 
is not just the sum of one right- and one left-handed Plebanski actions, due to the mixing 
terms in ip^^ and (fQ. The constraints of the non-chiral theory are then not just the sum 
of 5 and 5 from two separed single-handed actions, but 10 additional ones are present. 
Consequently, when we look at the modified theory, more constraints are being lost. This 
is the origin of the different behaviour under the same type of modification of the two 
actions, the self-dual and the non-chiral one. That is, in the non-chiral case it is truly the 
removal of the constraints (1, 1) and (0,0) which is responsable for the extra degrees of 
freedom. 

This said on the difference, we remark that the two modifications share nonetheless an 
important characteristic: in both cases, the counting of degrees of freedom is consistent 
with (the field components parametrized by) the auxiliary fields never becoming dynamical. 

• On the quantum theory 

Although this paper deals uniquely with the classical properties of (28), let us briefiy 
comment on the quantum theory. First of all, there is no reason a priori to expect an 
improved UV behaviour - in fact it may be even worse - than general relativity. However, 
it was argued in [10] that the class of theories defined by an arbitrary potential A{(j)) might 
be closed under renormalization. Since varying the potential one can interpolate between 
general relativity and BF theory, one can entertain the rather spectacular possibility that 
the action has a fiow under renormalization that touches only the potential term A{(j)), 

'However it plays a role if an Immirzi parameter is introduced through the variation of 0, see [23, 28]. 
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evolving it from a constant A at low energies - thus describing general relativity with a 
cosmological constant - to a conformally invariant (as a matter of fact, even topologically 
invariant) fixed point 6{(f>) at high energies. Under the additional condition that the flow 
has a finite dimensional critical surface, this would be a rather intriguing realization of 
the asymptotic safety scenario. The action (28) is not in a form easily treatable with 
conventional renormalization group techniques, but what is at stake seems to us worth the 
effort of pursuing this direction of studies. 



4 From the modified Plebanski action to bi-metric gravity 

We are now ready to go back to (28), and show how it can be recasted as a bigravity theory. The 
structure of the field equations suggests the natural strategy of using (29a) and (29b) to eliminate 
respectively oj and (p (when possible - see below), and then study the dynamics determined by 
the equations (29c). In this way, the arbitrary potential A.{(p) is mapped into an arbitrary 
potential for B, and one is effectively dealing with an action for the 2-form B only. Finally, 
using the explicit parametrization (19), the action is recasted into a theory for the two metrics 
9fiu, Qiiui and the auxiliary scalars 6^, b\. The auxiliary fields can in principle be integrated out, 
and the resulting dynamics described purely in terms of the two metrics, interacting through a 
given potential. 

When is this construction explicitly possible? The compatibility condition (29a) can be 
solved uniquely, provided the same non-degeneracy conditions behind (19) hold [29, 30, 31]. As 
for (29b), the solution will not be unique in general, leading to additional subsectors. To simplify 
the analysis, we consider in the rest of this paper the simplest case with a unique solution (f>{B), 

A(<^) = A- Aty<A^ (30) 

Here A is the cosmological constant, A a free parameter with dimensions of a squared mass, and 
Tr^^ = 4>ijkl4>^'^^^ ■ We will comment later on more general choices. This quadratic case has 
a non-singular Hessian, thus the result of [16] holds, and we expect eight degrees of freedom. 
With the choice (30), the field equations (29b) and (29c) read 

^/J ^ = (le^-^^^ + ^cA'-'''^) {B A (31a) 
pi J ^ ^IJKL^^^ + - ^Tr cp'^ e^'^<^BKL. (31b) 

By inspection, it should be clear that solutions of general relativity with vanishing (f) are also 
solutions of the modified theory, because the modification disappears in that case. Since in 
general relativity (in Plebanski variables) (f) is on-shell the Weyl tensor (see [3, 32, 23]), we 
conclude that conformally flat spacetimes are still solutions.^ 

To understand the modified theory more in general, we take the strategy outlined above 
and reformulate (28) as a bi-gravity action ^(e^, e^, 6^, h\) in terms of two metrics and auxiliary 
scalar fields. This can be done in three steps: (i) solving the Gauss law to obtain uj{B), (ii) 
solving (31a) to obtain (j){B), and (iii) inserting the decomposition (19) of the B field. Notice 



''This can change if one includes an Immirzi parameter through the variation of [23]. 
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that (i) is relevant to the first ( "kinetic" ) term of the action only, whereas (ii) to the remaining 
("potential") terms. We separe our analysis accordingly. 

It will be also convenient to introduce an internal metric associated to the triad 6^, i.e. 

qab = KK^ij. (32) 

and similarly Qab for 6^. These new metrics are also unimodular, and we denote the trace 
q = 5°'^qah = rn- We keep a convention where the a indices are raised and lowered with the 
identity metric 5ah^ thus the inverse of qah is not q"''^ = 6"''^6^'^qcd, but 

Notice that q°'^qab = m^-'mij. 

4.1 Kinetic term: the effective BF action 

In this section we consider a single-handed SU(2) BF action J A Fi, and review how its 
dependence on and is recasted solely in terms of 6^ and e^. To do so, one has to solve 
the compatibility condition d^jB = for oj[B). This has been known for a generic gauge group 
for quite some time [29, 30, 31]. A particularly useful expression has been recently derived by 
Freidel [21], who exploited the decomposition (15) to give a solution 0Je{b\-, S*(e)), which carries 
the familiar spin connection for the tetrad e^. We report the explicit formula and its derivation 
in Appendix B. The solution is valid for invertible tetrads, and unique. Restricting to invertible 
tetrads, one can then integrate out uj in the action using this solution. The result is the following 
"BF effective action" [21], 

^F(e^, qab) = 'jj eRf{e){q5ab - qab) + leD^^qabCf^tie, q)D':q^, (34) 

where 

Rf{e) = h:%,{e)T.l,„{e)R^,p,{e) (35) 

is the self- or antiself-dual (resp. for e = it) part of the Riemann tensor, D^^ is the covariant 
derivative with respect to the spin connection (e) = e"'i,cPeiJ^^'^{^)^ ^iid finally 

Cf^tie, q) ^ - ^d'^'S^''^ g,, + [s'^e'^'^g - t^'^'^qfg) ^A^)- (36) 

For completeness and because our notation is slightly different from [21], we review the derivation 
of this result in Appendix B. The Freidel BF effective action (34) is second order in derivatives, 
polynomial (of order 5) in qah-, and non-polynomial in the tetrad through Rab{e). The dependence 
of the action on the tetrad is via S(e) (or directly via the metric as in Rab{e)), thus it should 
be truly understood as 5F(S*(e), gafc), a functional of 18 independent field components. 

Now, notice that setting qab = Sab, (34) reduces to {rie/2)e5abRf'{e) = (r/e/2)ei2(e), namely 
the Einstein-Hilbert lagrangian. This is to be expected, since qab = ^ab is precisely the metricity 
constraint of the self-dual Plebanski theory. What is perhaps more surprising about (34) is that 
it shows that BF theory, which is topological, can be formulated in terms of the Riemann tensor 
(35) of an artificial metric, plus additional terms. The presence of these extra terms restores the 
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shift symmetry i— t- i?* + d^^Ty*, which is what eUminates any local degrees of freedom present 
a priori in the metric. Rewriting the action as (34) masks the original shift symmetry, but we 
know that we can first use the SU(2) symmetry to diagonalize the matrix of scalar fields qab, 
and second fix qab = Sab using two components (recall that Qab is unimodular so it has only two 
independent eigenvalues) of the triple of 1-forms r/*. This leaves precisely 10 components in 
that can be used to gauge away the metric. In other words, every solution of general relativity 
is also a solution of BF theory in a certain gauge, and any other metric (compatible with the 
topology of spacetime) is still a solution and can be obtained through a gauge transformation. 
We will show this explicitly at the linearized level below. 



4.2 Potential term 

The potential term breaks the shift symmetry reviewed above, thus allowing physical propaga- 
tion. With the specific form (30), the potential term in the action has the form 

VicP,B) = -^j (^(PijKL - ^Tr (P^ eijKi)j B''^ A + ^ A(S A ★i?) . (37) 



We can use the field equations (31a) to eliminate (/>, and after some trivial algebra. 



(38) 



with abuse of form notation. Using the decomposition (19) and the metrics qab and qab defined 
as in (32), this gives 



V{el,el^,qab,qab) = / (fx{eq + eq) 



e^q^'qab + e^q^'qab + 4A 



1 - 6 



(39) 



en,.. = 46^'^^^6"'^^^g.,S^,(e)S^,(e)g-e,S^,(e-)S^,(e-). (40) 



+ eg)2 A 

where 

By inspection of the potential, it is clear that (40) is the quantity controlling the mixing 
between the right- and left-handed sectors. We already know that it vanishes whenever is 
proportional to e^. Here we also notice that if the extra scalar fields are fixed to the identity 
matrix, we have 

^'^iijiqab = qab = Sab) = g/^'^P'^ e°/37<5 (^g^^^g^^^ + ^e^^^a/?^ (^9p[^95]a " ^^^^75 

= ^(e'^'''"e"^^V5./35p7^<x5-4!ee), (41) 

where in the first line we used the identity (74) from the Appendix. This will be useful when 
studying perturbation theory below. 



4.3 Bi-metric gravity 

Let us collect our results. To simplify the notation, we remove the {±) subscripts everywhere, 
with the tacit understanding that all derivatives and curvatures associated to (resp. e^) are 
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right-handed (resp. left-handed). Adding together the right- and left-handed versions of (34) 
and the potential (39) we obtain 



This is our main result. What we have shown is that for invertible tetrads, the modified Plebanski 
theory is a bi-metric theory of gravity coupled to extra scalar fields Qab, Qab, and whose action is 
given by the sum of two Preidel "effective BF" actions plus a potential term mixing the right- 
and left-handed sectors. The specific form of the potential comes from the choice (30) for A{(j)). 
Changing A{(j)) would affect only the last line of (42), namely the interaction between the two 
metrics.^ 

The presence of the extra scalar fields is the most obvious difference with other bi-metric 
theories of gravity appeared in the literature. The scalars mediate the interactions between 
the two metrics, and can not be immediately integrated out since the enter the action non- 
polynomially. At first sight, it looks like the scalar fields Qab and (jab have also acquired a kinetic 
term, and are thus fully dynamical. However, this Lagrangian is peculiar: its kinetic term 
is degenerate, as will become apparent below when we study it in perturbation theory. As a 
consequence, not every field with a kinetic term is actually propagating. Specifically, we will see 
that the extra scalar fields satisfy algebraic equations, and can therefore be integrated out. In 
this sense, they are still Lagrange multipliers, as they were in the original BF action. 

As already discussed, the physical content of the theory depends on the real parameter A: 
the action has eight propagating degrees of freedom at finite A, whereas both limits A oo 
and ^ I— 7- are singular. In the first case, we see from (37) that we are simply removing the 
modification, thus we go back to the two degrees of freedom of general relativity [33]. In the 
second case, we see from (38) that it is the whole potential term that vanishes, thus we arrive 
at BF theory and its zero local degrees of freedom [26, 27]. In a sense, the bi-metric theory 
(42) "interpolates" between general relativity and BF theory. Since the number of degrees of 
freedom at finite A, eight, matches those of some bigravity theories, it is useful to briefly review 
them in order to gain some intuition in a simpler case where there are no extra scalars. 

Notice also the sign rj, which we recall in the unmodified theory distinguished general rela- 
tivity (r/ = — 1) from a topological action {t] = 1). Here we see that the previously topological 
choice T] = 1 leads to an action where the two curvature terms have opposite sign. We will focus 
our analysis on the more stable sector r] = —1. 

4.4 Bigravities 

Bi-metric theories have appeared long ago in the literature [34], and have been recently looked 
upon as potential playgrounds for improved quantizations of general relativity and/or describe 
astrophysical effects without resorting to dark matter/dark energy scenarios [17, 35, 36, 37, 38, 

^Notice that both metrics have the same cosmological constant A. Different cosmological constants for the two 
metrics can be obtained including the second potential term A2{4>)5ijklB''' A mentioned earlier. 




(42) 
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39]. The standard action for bigravity has the form 

S{ei, el) = I e[R{e) " 2A] + ^ e[R{e) " 2A] + / {ee)'/^W{r'' 9up), (43) 

where the interaction between the two metrics is parametrized by a scalar potential W of the 
combination g^^Qvp, the only combination allowed by the common diffeomorphism invariance. 
The canonical analysis performed by Damour and Kogan [17] shows the presence of eight degrees 
of freedom for a generic W . 

The simplest way to identify these degrees of freedom is to take vanishing cosmological 
constants and to study a perturbative expansion around the same flat backgound for both 
metric, g^y = b^y + /i^,,, g^^ = b^y + hp^y. If we change variables to h^^^y = {h^y ± hfj^y)\/2, we see 
that the masslessness of h^/^J is still protected by the diffeomorphism invariance of the action, 
whereas the combination hj^J is invariant under diffeomorphisms, and can thus acquire a mass 
term through W. This mass term will in general have the form 

ah^-Jhf'^. + bhl^, (44) 

where the explicit values of the constants a and b depend on the form of W. It is known since 
the work of Fierz and Pauli [40] that the choice a = —b = m? /A is the only one leading to 
the propagation of five degrees of freedom corresponding to a massive spin 2 particle, whereas 
any other choice introduces admixtures with an extra scalar mode of negative energy, a ghost 
signalling the instability of the theory. 

The Fierz-Pauli mass term can be implemented in the bigravity action (43) through an 
infinite number of potentials W , the simplest one being [34] 

w {^''gup) = ^ (J) {er^gpu - {^"9,^? + Qupg"" g.p - 12) . (45) 

With this choice, the theory is only propagating a massless and a massive spin-2 particles at 
the linearized level. However, it was later shown by Boulware and Deser [41] (see also [42, 43]) 
that this extra ghost mode is inevitably excited when interactions are included: the canonical 
analysis of the non-linear completion of the Fierz-Pauli Lagrangian gives six degrees of freedom, 
the sixth mode being precisely the scalar ghost. The same happens with bigravities: perturbing 
around the "doubly flat" background, the eight degrees of freedom correspond to a massless 
graviton, a massive spin-2 particle and a scalar ghost. However, it was argued in [17] that 
bigravity theories might be stabilized by the interactions, which would draw the two metrics 
away from the somewhat pathological doubly flat background, and towards "bi-cosmological" 
configurations. Alternatively, the ghost could also be avoided taking specific potentials [35], or 
expanding around different backgrounds [36]. 

As we will see in the next Section, at least at the linearized level the situation is the same 
as in bigravity theories. In particular, we can integrate out the auxiliary scalars, and identify 
the eight degree of freedom with a massless and a massive spin-2 particles, plus a ghost scalar 
mode. 
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5 Perturbative expansion 

In this section, we study (42) perturbatively to identify the physical meaning of its eight degrees 
of freedom. We take a vanishing cosmological constant, so that the "doubly flat" spacetime 

Qfjiv = Qfiv = Sfiu, Qab = Qab = Sab, (46) 

is an exact solution. We define the field fluctuations 

9/11/ = Sfiu + h^y, g^y = + hfj_y, Qab = Sab + Xab, Qab = Sab + Xab, (47) 

with Xab and Xab traceless as a consequence of the unimodularity of Qab and Qab- 
5.1 Kinetic term 

To expand the kinetic term, recall that on a flat background the Riemann tensor is given by 
R/iupa = dud^ph^j^ — dpd^ph^^y + 0(/i^). Then using the definition (35), we find at quadratic order 

eRf{q5ab - Qab) = -XabP^f.pP^ad^d'^hp^ + 2(eiie)('^ , (48) 

where the projectors P^^u are the Plebanski 2-form evaluated on the flat tetrad. Thanks to the 
expression for the linearized Riemann tensor and the tracelessness of x"^? the first term equals 

ixab [p^ppP^a - Is-'P^ppP^a^ R^"'^'^ {h) = \xabC''\hl (49) 

where C°'^{h) is the (linearized) self-dual part of the Weyl tensor. The second term in (48) is 
the linearized Einstein-Hilbert lagrangian 

4h( V) = (e^J^'^ = \dphpud'h^" " \^^Kp^^h^''' + \dph^Pdph - -^d^hd^h, (50) 
independently of e = ±1. At the same order, we also have 

eD'^qa^Cf^.tD'^qcd = d^Xab [s'^H''' - U'^^'b'^^ S^.d^Xcd = dpXabd^x"' (51) 

where in the last equality we used again the tracelessness of Xab- 
Collecting these results, we get the following linearization of (34), 

Sf( V' X'^') = y 1 4khpu) + IxabC^'ih) - ^XabOx^'. (52) 

As for exact theory (34), the new variables have allowed us to write BF theory as the (linearized) 
Einstein-Hilbert lagrangian plus extra terms. The latter increase the gauge symmetries of the 
theory and assure that there are no local degrees of freedom. In fact, one can check that (52) is 
invariant under the following transformations, 

5s V = -eaipu) + Is^uL S^x"' = - ^5""^, (53) 



16 



where 

it^p^,xd\l e^^a^. (54) 

This is a hnearization of the shift symmetry, and notice that it includes diffeomorphisms, for 
= ^\e^. Next, the field equations are 

E',Zhp, + P^^.pP^uadPd'^Xab = 0, Dx"' - l^'ik) = 0, (55) 

where EjiZ is the linearized Einstein tensor. Using the SU(2) gauge symmetry to diagonalize x"^ 
and then two components of r]* to set it to zero, we see that the equations in this gauge imply 
that both the Ricci and the Weyl tensors vanish, therefore the only solution is the flat metric 
and there are no local gravitational waves. In particular, the Weyl tensor which is the quantity 
that in general relativity carries the two physical degrees of freedom, it is also put to zero by a 
gauge choice.^ 

5.2 Modified self-dual theory 

Before continuing with the linearization of our action (42), let us indulge a moment longer on 
just the self-dual BF action linearized above. Following [21], we introduce the traceless and 
transverse tensor 

Xt^u ~ Pt fipPe lycr ^ Xabi (56) 

which is invariant under diffeomorphisms. This allows us to rewrite the action (52) in the 
compact form 

5F(/iM-x'^') = f / ^iM-lx^^Dh^'-lxpuDx^"^^ 1 4',i(V + XM.)- (57) 

Consider now the addition of a mass term m?x"'^Xab = tt^^X^^X^v for the scalars. This is 
precisely the type of effect that one has in the modified self-dual theory (cf. the potential term 
of (42) for = cf"^ = 0). This mass term breaks the shift symmetry (53). In this case one 
can introduce a shifted field H^^ = h^jj -\- x^u and make the non-singular change of variables 
{h^y,x'^^) ^ [HpuiXiiiy), in terms of which the action reads 

Sf{H,,u,x^u) = y y J^^EuiHpu) + m^'^'^x^u. (58) 

Now the auxiliary scalars satisfy the algebraic field equations x'^^ = 0; and can be thus trivially 
integrated out. We then see that the shifted field H^j^j^ propagates the two degrees of freedom of a 
massless spin-2 particle, precisely as an ordinary graviton h^i,. This is the mechanism that makes 
the modified self-dual Plebanski theory only propagate two degrees of freedom. See [21, 12] for a 
discussion of this. In other words, the action (58) has a degenerate kinetic term, and some of the 
fields only satisfy algebraic equations. This result can be interpreted in the light of the fact that 
prior to adding the potential term, the B field in the BF action is just a Lagrange multiplier. 
What (58) shows is that even when the potential term is present, some components of the B 
field still behave like Lagrange multipliers and satisfy non-dynamical algebraic equations. 

®In these variables, the absence of local degrees of freedom of 4-dimensional BF theory is reminiscent of what 
happens to general relativity in the 3-dimensional case, which in fact is directly equivalent to BF theory in the 
sector of invertible triads. 
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5.3 Potential term 

Going back to the full non-chiral theory, let us rewrite the potential term in the convenient form 

1 



-{eq + eqY - eY^Qab - e'f'qab - ^tH, 

D 



(59) 



This vanishes on the bi-flat solution (46). To expand it at second order, we use the familiar 
formula 

e = l + h + \{\h'-h^^'^h,,) (60) 
for the determinant, and compute 

\{eq + eq? = ^ (l + ^(^ + ^) + 3^ (3/i' + 2,h^ + 2hh) - ^h'^'h^, - ^/i'^" v) ^ 
e^q^'qab = 3 (^1 + h + ^{h^ - /i'"^ V)) + X^'Xab- 
Using these expressions, we have 

lieq + eq? - e^q'^'qab - eY'qab ^ -^i^ - h? - X^'xab - T^Xab- (61) 

It remains to evaluate the term —2PHij. Its zeroth and first orders vanish due to the 
orthogonality of the Plebanski 2-forms S and S when evaluated on the same metric, and the 
only non- vanishing second order contribution comes from its value (41) at qab = qab = ^ab^ which 
gives 

o Z o 

Since the numerator of (59) has no zeroth nor first order terms, the denominator only contributes 
(eg + eg)~^ = 1/6. The expansion thus yields 

V^^^ = -^l^ih-h? + i(V - hu? + X'^'Xab + r'Xab. (63) 

We see that the potential is giving a mass to the auxiliary scalar fields and, as expected from 
the previous discussion, also to the diffeomorphic-invariant combination of gravitons. 

5.4 Mass eigenstates 

Putting the expansions (57) and (63) together and introducing the projections (56) as before, 
we find 

5( V. v> x"', r') = \ j 4h ( V + x^.) - ^c'ii ( V + 

j\{h-hf + i(V - V)' + X^'X^.. + X^^'X^.. (64) 
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Prom now on we restrict attention to the sector rj = —1, which we recall corresponded in the 
unmodified action to general relativity . The mass term for the gravitons can be diagonalized 
introducing the linear combinations 



1 

Since this transformation preserves the kinetic term, we get 



/ Ihi^ + K-K-J + xr-r)<.' + (65) 

As we did above in the self-dual sector, we can introduce the shifted fields -ff/j^' = h^j/^J + xji' 
and change variables, obtaining 

S{HlV,Hl,-J,x';j,x',J) = \ j 41{H',V) + 4kHlrJ) + (66) 



This is a non local field redefinition, but it has the advantage that now the auxiliary fields 
satisfy the algebraic equations xf+) = and X(-) = H\^^J2. We can thus trivially integrate them 
out and describe this quadratic lagrangian purely in terms of the two shifted gravitons H]^ . 
Specifically, H'j^^ still propagates only two degrees of freedom as it was the case for the modified 
self-dual theory (see Section 5.1), whereas HItJ acquires a mass term: its field equation is 



EPlHl,~^-A{Hl-J + H^-^^,). (67) 

Notice that the mass term is not of the Fierz-Pauli type, thus these are field equations propa- 
gating both a massive spin-2 particle and a massive scalar. 



5.5 Lorentzian signature and reality conditions 

In order to properly talk about degrees of freedom, we need to move to the physical Lorentzian 
signature. The formulas can be easily adapted (the main differences stemming from the i factors 
now present in the right- and left-handed projectors), but there is a caveat. The isomorphism 
of so (3, 1) into right- and left-handed sectors, which is the core of our construction, requires the 
complexification of the algebra. Hence, the key field decomposition (19) now requires B^'^ to 
be complex a priori, and suitable reality conditions have to be included in order to define the 
physical sector of the theory. The difficulty here lies in the fact that different reality conditions 
can be envisaged. In particular, it risks to be premature to discuss reality conditions before 
matter coupling, a crucial aspects which is still to be fully addressed in this modified non-chiral 
theory. At the present stage, the simplest thing one can do is to define the Lorentzian theory 
with all fields complex, and impose the same reality conditions used in the self-dual theory 

^"For instance, a natural way to include matter in the theory is through grand unification, which was the 
original reason for considering this modification of the non-chiral Plebanski action [13, 44]. However, precisely 
this idea shows an example of how the reality conditions depend on what one is trying to do. For instance, 
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[2, 12], separately on both right- and left-handed sectors. This guarantees that 5^,^ and g^i, are 
real Lorentzian metrics. If we do so, the above analysis can be straighforwardly adapted, and 
we conclude that the modified Plebanski theory with action (42) is propagating a massless and 
a massive spin-2 particles, plus a scalar mode. 

We need at this point to discuss the (in)stability of the perturbative expansion around the 
bi-flat solution. The massive spin-2 particle can be made stable taking the appropriate sign 
of A}^ On the other hand, it is well known from the study of massive gravity that given 
the structure of (67), there is no choice of A that would make the scalar mode stable. This 
means that the chosen potential (30) gives a bigravity theory which is perturbatively unstable 
around the doubly flat solution. As mentioned above in Section 4.4, this situation is rather 
generic in bigravity theories. On the other hand, the stability around a different background 
(cf. [17, 36, 38]), or at the non-perturbative level [42, 43], or with a different potential A((/)) (cf. 
[35]), remains an open issue to investigate. In the latter perspective, it was already suggested in 
[16] that one might look for different profiles of A(i;^) with the goal of reducing the extra degrees 
of freedom. Let us add here that this idea can be further generalized, since as we remarked 
above in Section 3, the action we have been considering is not the most generic one that can be 
written down. 

Finally, it would also be interesting to investigate different reality conditions, as they might 
affect our conclusions. In particular, notice that having relaxed the simplicity constraints, the 
reality conditions considered above do not imply that B^'^ is real, as it was the case with 
the standard solution (5). Thus although we have identified eight degrees of freedom, strictly 
speaking these are not the ones discussed for Lorentzian signature in [16], since there both 
signatures are defined using real fields. To stick with [16] in the Lorentzian case, we need 
different reality conditions, namely imposing B^'^ to be real. This immediately implies that 
Bl_ = (i?*^)*, where * stands for complex conjugate. An implementation is to take 6Jj = (&„)* and 
gfiu = (giMu)*, with the independent fields {Va^g^v) complex. Therefore, we still have a bimetric 
theory, although in a different flavour, where the two metrics are the real and imaginary parts 
of the single complex metric emerging after imposing the reality conditions. This alternative 
construction, which is the one truly corresponding to [16] for Lorentzian signature, should also 
be explored. However, as said above, we feel that a discussion of the reality conditions should 
parallel the one of matter coupling, thus we postpone both to further studies. 

6 Conclusions 

The modified Plebanski actions, introduced by Krasnov and Smolin, and related to earlier work 
by Capovilla, Bengtsson and Peldan, are proving to be an interesting arena to deepen our 
understanding of this formalism for gravity, in which the fundamental field is a 2-form i?, and 
the metric only a derived quantity. In our view, an important lesson is the "watering down" of 

the same modified non-chiral action considered here could be taken as a toy gravity-gauge unification, a special 
case of the more general setting investigated in [45]. To do that, one takes the right-handed sector alone to 
describe gravity, and expands instead the left-handed sector around a degenerate background, thus keeping the 
connection as the fundamental variable. In this case, one would need different reality conditions to ensure the 
physical interpretation of such attempt to gravity-gauge unification, naturally associated to the new fundamental 
variables. We thank K. Krasnov for pointing this out to us. 

^^Qualitatively different behaviours in the branches A > and A < Q are to be expected, and can be found 
also in the modified self-dual theory, see for instance [22]. 
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the role of the constraints present in the original actions. First of all, the role of the constraints 
is not to introduce a metric, since a metric is already present, but rather to single it out among 
the various components of the B field. This was already known, and our review at the beginning 
of the paper was meant at stressing this aspect. But what is more important, the study of the 
modified actions shows that the true mechanism at play is a symmetry breaking, as discussed 
in [12]: one starts with the topological BF action, and adds a term that breaks the initial shift 
symmetry down to diffeomorphisms only. When this happens, some of the components of B 
remain Lagrange multipliers, whereas others become dynamical. The dynamical ones can be 
encoded in one metric (or two, depending on the gauge group). This is the key mechanism, 
and the symmetry breaking term does not need to be a constraint for B, it can be an arbitrary 
potential term. Finally, the specific type of symmetry breaking term determines the dynamics 
followed by the metric. It can be made arbitrarily close to GR, the exact correspondence being 
obtained for the singular case in which the potential becomes a constraint. 

An interesting aspect of the modification is that it differentiates qualitatively the self-dual and 
non-chiral Plebanski actions, which are equivalent (and equivalent in the non-degenerate sector 
to general relativity) in the original formulation. In particular, the non-chiral action acquires six 
additional propagating degrees of freedom [16]. In this paper, we studied the modified non-chiral 
theory with the aim of understanding the origin of this different behaviour, and identifying the 
extra degrees of freedom. To that end, we focused on the simplest form of the potential. Our 
first result was to show that the modified action can be recasted in a bi-metric theory of gravity 
plus auxiliary scalar fields. Our second result was to perform a perturbative expansion around 
the bi-fiat background, which is still an exact solution of the modified theory, and identify the 
eight degrees of freedom in terms of a massless and a massive spin- 2 particles, plus a scalar 
mode. 

Our construction highlights the origin of the different behaviour of the two actions. In fact, 
the key to our result is the fact that the non-chiral Plebanski action is naturally a theory of 
two metrics. It is only the presence of the constraints that imposes these two metrics to be 
proportional to each other, thus reducing the theory to a single propagating graviton. Once 
the constraints are traded for a potential, both metrics can independently propagate. Then the 
fact that two propagating metrics give rise to a massive graviton plus a scalar mode is simply a 
consequence of the fact that there is a single invariance under diffeomorphism at play [17]. 

The main difference with usual bi-gravity theories is the presence of the extra scalar fields. 
A subtle mechanism is at play in keeping these non-metric components non-dynamical: after 
a certain field redefinition, they satisfy algebraic equations and can thus be integrated out. 
In a sense, they are still Lagrange multipliers as in the original BF action. The procedure is 
subtle due to the tensorial structure of the fields, and can only be performed order by order 
in perturbation theory. It is not clear to us if and how the relevant field redefinition can be 
performed at the level of the full non-perturbative action. 

Our results also show that the perturbative expansion around the doubly flat spacetime is 
unstable for any value of the free parameter in the modified theory. This is the same instability 
found in non-linear massive gravity and in bigravity theories with eight degrees of freedom. The 
stability around different backgrounds, or of actions with a different potential, remains an open 
issue to investigate. 

Finally, our results depend on a specific choice of reality conditions, which are necessary 
to deal with the Lorentzian signature in our construction. Further investigations of the reality 
conditions, together with an analysis of matter coupling, are in our view the most pressing open 
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issues of this modified gravity theory, which we hope to come back to in future studies. 

Concluding, bi-metric theories of gravity are an interesting playground for alternative ex- 
plainations of the present astrophysical/cosmological puzzles. We hope to have shown with this 
paper that the Plebanski formalism for general relativity, based on the use of a 2-form as the 
fundamental field, as opposed to the metric, provides one such playground in a rather natural 
way. 
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A Algebraic notation and conventions 

In this Appendix we collect our conventions, and some useful formulas. The isomorphism 50(4) 
511(2) © su(2) is realized by the right- and left-handed projectors 

jlJ — ^ ( xU I ^ J J 



PeKL = ^[6i,'L + ^e'KL), (68) 

with e = lb. It is convenient to use indices i = 1,2,3 for the two su(2) algebras. This can be 
done defining new tensors 

P/-^, = 2P/-^o. = e4^ + ^e^/, (69) 

for e = ±, normalized so to have 

We take e^'^^'^ to be the completely antysimmetric tensor density, with e0i23 _ -j^^ define 

The Plebanski 2-form coincides with (11) projected along the tetrad, 

Kf.uie) = 2eelel^ + e^.^e^et = 2P,V.- (71) 

The right-handed (resp. left-handed) Plebanski form is also self-dual (resp. antiself-dual) with 
respect to its tetrad, i.e. 

2 V^" ^ 2e 

Furthermore, we have 



Pf^ pa'^lpuie) — S*po-(e), Pf^pa = i^pa + WZ^^^ pf^) ' (^2) 



S',(e) A S^ (e) = e 2e5'^ d^x, (73) 

2^ij^tpi^^ipcT = 9p[p9cr]u + -^^pvpai (74) 

T^.^.np^g'"' = + e^^^S^^^, (75) 

Si s^j ppsr^k jrij sr^k iriksr^j , sjksr^i ijk {^(\\ 

which can all be easily checked by direct computation. 
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B Review of the Freidel effective action 



In this Appendix we review Preidel's construction of the su(2) BF effective action [21]. We do 
so to make the paper self-contained, but also to fix the notation (slightly different from [21]) 
and numerical factors. The construction is somewhat lenghty, and it is convenient to split it 
in two steps. In the first, we solve the Gauss law d^^B^ = 0, and express to in terms of the 
parametrization 

i?: = r?6iS^(e). (77) 
In the second step, we insert the result in 

S{B\uj'j) = j B' AFi{uj) (78) 

and evaluate the effective action S{r], b, S^). 



B.l Solving the Gauss law 

We now come to the Gauss law 

d^5' = dB' + u'j A B^ = 0. (79) 

Solutions oj = !jo{B) have been known for a long time [29, 30, 31]. The novelty introduced by 
Freidel is to solve it in terms of the parametrization (77). To do so, we insert (77) into (79). As 
the r] is irrelevant, we drop it in this subsection. We have 



dT,''^ + (kdii + kuj^kbc) 



= d(6^S^) + 6^,o.*,AS^ = 6i6|d6^,AS^ + 6idS^ + 6j.6^,6^^^^^ 
^dbl + 

The quantity in the round bracket defines a new connection, which we denote A'^b: 

A\ = 6^"d6^, + hyuhl = ^d^bl. (80) 

Notice that this is the connection compatible with the metric Qab, since 

= d^5,j = d^ibfb''jqab) = qabb%bt + qabb^idjb]bfb]dqab = 
= bfb] [dqab - A\q^b - A^qac] = bfb]dAqab- 

Therefore, solving (79) amounts to solving 

dAS^(e) = 0, dAqab = 0. (81) 

At this point we assume that the tetrad is invertible, and introduce the right- and left-handed 
spin connections 

lU{e) = e\,P',ueiV^e''. (82) 

A direct computation shows that d^^S^ vanishes. To avoid clogging the notation, we remove 
from now on the subscript ^ from all the connections: whether it is a right- or left-handed 
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connection should always be clear from the context. If we write A'^h = 7°fe(e) + p'^h in terms of 
the spin connection and an unknown one-form p"'},, (81) read 

p\ A = 0, d.,qab = 2p\aqh)c- (83) 

To solve these equations, we define pab = QacP'^b = P(ab) + P[ab]j P[ab] = ^abcP^- From the second 
equation in (83) we immediately read off p^^^) = d^q'ab/2. The first equation then gives 

D.qcb + 2e,bdpi] = 0, 



where indicates the covariant derivative with respect to 7"ft(e), and we used e^"P^T,\prj = 
2eeYi\^^ . To make pP" explicit, we contract the above equaion with T.^^^pT^iP" and use (76). After 
some algebra, one gets 

D^qbc. (84) 



Hence, 



with p'^ given by (84), and 



p'^b = q'^'Pcb, Pcb = -^d^Qcb + ecbdP (85) 



u'.ibi = bidA^ = 6id^6| + bi^rpcb. (86) 

We can now use this expression to evaluate the su(2) curvature F^, appearing in the action 
(78). Recall that this is related to the connection by F\u) = ^e*^(da;-''^ + uj^i A uj^^); using the 
expression (86), it is straighforward to see that 



1 
2 

F\{A) = F\{j) + d^p\ + P\ A p%. 



F\oo{h, S,)) = ^e'^kW^'F^iAe), (87) 



B.2 Evaluating the effective action 

Inserting (77) and (87) in (78) we get 



5(r?, K) = lf ^^JkblHb''K A F\{A,) = | ^ e^bd^'K A F\{A,). (89) 

This action has three contributions given by the three terms of F{A) in (88). Let us start with 
the first one, 

eabd^^K A F'c(7e) = eabde\eq"'K A F%j,) = {q6ae - qae)K A F^{^,) (90) 

where we used F""^ = e°'^cF'^. Thanks to (82) and Cartan's second structure equation (7), we 
have 

1 
2 

Prom this it follows that 



= P^ijFl,i{u:{e)) = t^%„{e)RP\,{e). (91) 



e^RT F^ile) = \e>'''P''T.%,i:l^^R^%, = e|s^^,S^p,i?^^'"^, (92) 
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which gives us the first term of (34) in the main text. The quantity here defined is the 
self-dual part of the Riemann tensor. In particular, using (74) we have 



where R{e) is the Ricci scalar. 
The second term is 



5aeKr\F\-f,) = -eR{e) 



(93) 



eaUrK A d^p'c = eaMK A P\ A d-.cf' = -€aMK A p\ A {p'er + /e^ ), (94) 

where in the first step we integrated by parts, and in the second we used the compatibility 
condition dAQab = 0. 

When we add the third term from (88) we get exactly the first term of the square bracket 
in (94) above, but with opposite sign. Therefore these two contributions cancel, and we are left 
with 

(95) 



5(7/, h\, K) = lj eeRTiqSae - Qae) " 2e,Mr A p', A /e- 

In the remaining of this section we evaluate the second term in (57) using the explicit solution 
(85). We have 



--^^abdQ P c r\ P e 



- — ( 
2 



-eaMrtf^f'K^Pfc^Pge 



(96) 



where we used (-abd(t^ q'^^ = ^^^^Qah- Of these four terms, consider now the two containing egeip^ ■ 
We have 

egeie'^^'qah^K A Pfc = {Sa^l - qal(f^)K A Pfc = qibp\ A - Qaif^K A Pfc = 0, (97) 
where the first term vanishes thanks to (83), and second to the unimodularity of qab, 

f I f 1 

^ Pfc = ^T'^'^^qfc = -d^iideiqah) = 0. (98) 

We are left with 



e'^i^ahq^^K A {d^qfc + 2efcip') A d^qge 

\qarr-m)K^~P'^^,q9e- 
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qahre^'^'np.D^qfcD.qge 



(99) 



The first term in the square bracket vanishes again as for (98). The second term gives 



^b{c^d) 



e pA 



D qcdDaqa 



ieD''qabD\,d 



, (100) 



where in the last step we used (75). Inserting (100) into (99) and massaging the indices we 
obtain ^eD^^ qabD" q^dC'^^^ ^iv with Cf'^'^fj,^ defined as in (36). This completes the derivation of 
(34) in the main text. 
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